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Abstract
Harary and Kovacs [Smallest graphs with given girth pair, Caribbean J. Math. 1 (1982) 24–26] have introduced a generalization
of the standard cage question—r-regular graphs with given odd and even girth pair. The pair (, ) is the girth pair of graph G if
the shortest odd and even cycles of G have lengths  and , respectively, and denote the number of vertices in the (r,, )-cage by
f (r,, ). Campbell [On the face pair of cubic planar graph, Utilitas Math. 48 (1995) 145–153] looks only at planar graphs and
considers odd and even faces rather than odd and even cycles. He has shown that f (3,, 4)= 2 and the bounds for the left cases.
In this paper, we show the values of f (r,, ) for the left cases where (r,, ) ∈ {(3, 3, ), (4, 3, ), (5, 3, ), (3, 5, )}.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A classic question in graph theory has been the search for cages, that is, the minimal r-regular graphs with given
girth. Considerable effort has yielded only a handful of precise results. For the main results, readers are referred to
[11,12,10,13,15]. Subsequently, two generalizations were produced from the standard cage question.
Chartrand et al. [3] have introduced a generalization of standard cage question. They consider graphs with degree
set D and girth g. A (D; g)-cage is a graph which has the minimum number of vertices, with degree set D and girth g.
For the main results on (D; g)-cages, readers are referred to [3,4,9,13,14].
Harary and Kovacs [5] have introduced the other—r-regular graphs with given odd and even girth pair. The pair
(, ) is the girth pair of graph G if the shortest odd and even cycles of G have lengths and , respectively, and denote
the number of vertices in the (r,, )-cage by f (r,, ). For the main results on (D; g)-cages, readers are referred to
[2,5–8,16].
Campbell [1] looks only at planar graphs and considers only odd and even faces rather than odd and even cy-
cles. (, ) is called a face pair of G if  and  are, respectively, the lengths of the shortest odd and even faces
of G. In this case G is called an (, )-graph. If G is an r-regular graph, then G is called an (r,, )-graph.
The number of vertices in the smallest (r,, )-graph is denoted by f (r,, ). Campbell has shown that (r,, ) ∈
{(3, 3, ), (3, 5, ), (3,, 4), (4, 3, ), (5, 3, )} and further proved the following:
 Research supported by NFSC (60373096, 60573022) and SRFDP (20030141003).
E-mail address: yangys@dlut.edu.cn (Y.Yang).
0012-365X/$ - see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.disc.2006.03.033
Y. Yang et al. /Discrete Mathematics 306 (2006) 1742–1757 1743
Lemma 1.1. For  odd, 3, f (3,, 4) = 2.
Lemma 1.2. For 6, 2+ 10f (3, 5, )4.
Lemma 1.3. + 3f (4, 3, )2.
Lemma 1.4. 2+ 6f (5, 3, )4.
Lemma 1.5. For 6, f (3, 3, )(6+ 2)/5.
Lemma 1.6. For k1,
f (3, 3, 10k) = 12k + 2,
f (3, 3, 10k + 2) = 12k + 6,
f (3, 3, 10k + 4) = 12k + 6,
f (3, 3, 10k + 6) = 12k + 10,
f (3, 3, 10k + 8) = 12k + 10.
Unfortunately, Campbell’s results for f (3, 3, ) are true only for graphs without cut point. In this paper, we correct
these results and study the remaining values of f (r,, ) for (r,, ) ∈ {(4, 3, ), (5, 3, ), (3, 5, )}.
A graph G = (V ,E) is a set V of vertices and a subset E of the unordered pairs of vertices, called edges. Let
p(G) = |V | and q(G) = |E|. We consider only ﬁnite undirected graphs without loops or multiple edges in this paper.
A graph is said to be embedded in a surface S when it is drawn on S so that no two edges intersect. A graph is planar,
if it can be embedded in the plane; a plane graph has already been embedded in the plane. We refer to the regions
deﬁned by a plane graph as its faces. A face is said to be incidentwith the vertices and edges in its boundary. The length
of a face is the number of edges with which it is incident. If a face has length , we say it is an -face. Let  denote the
number of faces of a plane graph G.
A block of a graph is a maximal nonseparable subgraph. If G is a graph containing cut points, then we call a block
of G containing precisely one cut point of G a T-block, and a block containing at least two cut points of G an M-
block. If G has T-blocks, then it has at least two T-blocks. We refer to the cut point in a T-block or an M-block as
a T-vertex.
In a bi-connected graph, if there is a pair of adjacent vertices such that deleting them results in a disconnected graph,
then we call the pair of adjacent vertices a cutpair . A non-g-separable graph is bi-connected, nontrivial and has no
cut pairs. A generalized block of a graph is a maximal non-g-separable subgraph. If G is a bi-connected graph, then
we call a generalized block of G containing precisely one cut pair of G a GT-block (generalized terminal block), and a
generalized block containing at least two cut pairs of G a GM-block (generalized middle block). If G has GT-blocks,
then it has at least two GT-blocks. We refer to the vertices of the cut pair in a GT-block or a GM-block as GT-vertices.
The neighborhood of a vertex v ∈ V (G) is denoted byNG(v)={u ∈ V (G) : uv ∈ E(G)}. The degree of the vertex
v of G is denoted by dG(v). The induced subgraph of G with vertices set S ⊆ V (G) is denoted by 〈G, S〉.
2. The value of f (3, 3, )
Lemma 2.1.
f (3, 3, 6k + 2)4k + 6 (k2),
f (3, 3, 6k + 4)4k + 10 (k2),
f (3, 3, 6k)4k + 6 (k4).
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Fig. 3. T1 contains at least one odd -face with 5.
Proof. Denote the graphs shown in Fig. 1 by M331, M332, T331, T332, T333. Using these ﬁve basic graphs, we can
construct (3, 3, )-graphs as follows:
G3,3,6k+2 = T331(M331M332)k−2M331T331 (k2),
G3,3,6k+4 = T332(M331M332)k−2M331T332 (k2),
G3,3,6k = T333(M331M332)k−4M331T331 (k4).
Therefore we have
f (3, 3, 6k + 2) |V (G3,3,6k+2)| = 4k + 6 (k2),
f (3, 3, 6k + 4) |V (G3,3,6k+4)| = 4k + 10 (k2),
f (3, 3, 6k) |V (G3,3,6k)| = 4k + 6 (k4). 
In Fig. 2, we show graphs G3,3,26, G3,3,28 and G3,3,30 constructed by the above method.
Lemma 2.2. If G is a (3, 3, )-graph containing cut points and T1 is a T-block of G containing no inner even face,
then T1 contains at least one odd -face with 5.
Proof. We prove it by the way of contradiction. Suppose that all the inner faces of T1 are 3-faces. Let u1 denote the
T-vertex of T1. According to the deﬁnition of T-block, dT1(u1) = 2. Let NT1(u1) = {u2, u3}. Since all the inner faces
of T1 are 3-faces, u2 is adjacent to u3 and there exists a vertex u4 = u1, which is adjacent to both u2 and u3. Then u4
would be another cut point in T1 (see Fig. 3, where i stands for ui), a contradiction to the deﬁnition of T-block. So T1
contains at least one odd -face with 5. 
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Theorem 2.1.
f (3, 3, 6k + 2) = 4k + 6 (k2),
f (3, 3, 6k + 4) = 4k + 10 (k2),
f (3, 3, 6k) = 4k + 6 (k4).
Proof. Let G = G3,3, be a (3, 3, )-graph, then 3p = 2q, p is even.
Case 1. Suppose that G contains at least one even -face apart from the -face with . Then, by Euler’s formula,
2 = p − q + ,
3p = 2q2+ (− 2) × 3 = 2+ 3p/2,
p22/3.
Hence,
|V (G3,3,6k+2)|4k + 2(6k + 4)/34k + 2 × 6> 4k + 6 (k2),
|V (G3,3,6k+4)|4k + 2(6k + 8)/34k + 2 × 7> 4k + 10 (k2),
|V (G3,3,6k)|4k + 26k/34k + 2 × 8> 4k + 6 (k4).
Case 2. Suppose that G contains only one even -face with = .
Case 2.1. Suppose that G is a 2-connected graph. By Lemma 1.5, for 6, p2(6+ 2)/10. Then,
|V (G3,3,6k+2)|4k + 2(16k + 14)/104k + 2 × 5> 4k + 6 (k2),
|V (G3,3,6k+4)|4k + 2(16k + 26)/104k + 2 × 6> 4k + 10 (k2),
|V (G3,3,6k)|4k + 2(16k + 2)/104k + 2 × 7> 4k + 6 (k4).
Case 2.2. Suppose that G contains cut points. According to Lemma 2.2, each T-block of G contains at least one odd
-face with 5. Since G has at least two T-blocks, G has at least two odd -faces with 5. Counting edges via faces
yields
2 = p − q + ,
3p = 2q+ (− 3) × 3 + 2 × 5 = + 7 + 3p/2,
p2(+ 7)/3.
|V (G3,3,6k+2)|2(6k + 2 + 7)/3 = 2(2k + 3) = 4k + 6,
|V (G3,3,6k+4)|2(6k + 4 + 7)/3 = 2(2k + 4) = 4k + 8,
|V (G3,3,6k)|2(6k + 7)/3 = 2(2k + 3) = 4k + 6.
For = 6k + 4, if G has just two 5-faces except 3-faces and one (6k + 4)-face, then
p = 2q = + (− 3) × 3 + 2 × 5 = + 3p/2 + 7,
p = (2+ 14)/3 = (12k + 22)/3 = 4k + 22/3.
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p would be a non-integer, a contradiction. Hence, for  = 6k + 4(k2), G has at least one 5-face and one odd -face
with 7, or three odd -faces with 5. So,
3p = 2q+ (− 3) × 3 + 2 × 5 + 2 = + 9 + 3p/2,
p2(+ 9)/3,
|V (G3,3,6k+4)|2(6k + 13)/3 = 4k + 10.
From Cases 1 and 2, we have
f (3, 3, 6k + 2)4k + 6 (k2),
f (3, 3, 6k + 4)4k + 10 (k2),
f (3, 3, 6k)4k + 6 (k4).
By Lemma 2.1,
f (3, 3, 6k + 2) = 4k + 6 (k2),
f (3, 3, 6k + 4) = 4k + 10 (k2),
f (3, 3, 6k) = 4k + 6 (k4). 
3. The value of f (4, 3, )
Lemma 3.1.
f (4, 3, 6k + 2)6k + 9 (k2),
f (4, 3, 6k + 4)6k + 11 (k2),
f (4, 3, 6k)6k + 9 (k3).
Proof. Denote the graphs shown in Fig. 4 by M43, T431, T432, T433. Using these four basic graphs, we can construct
(4, 3, )-graphs as follows:
G4,3,6k+2 = T431(M43)k−2T431 (k2),
G4,3,6k+4 = T432(M43)k−2T432 (k2),
G4,3,6k = T433(M43)k−3T432 (k3).
Therefore we have
f (4, 3, 6k + 2) |V (G4,3,6k+2)| = 6k + 9 (k2),
f (4, 3, 6k + 4) |V (G4,3,6k+4)| = 6k + 11 (k2),
f (4, 3, 6k) |V (G4,3,6k)| = 6k + 9 (k3). 
In Fig. 5, we show graphs G4,3,20, G4,3,22 and G4,3,24 constructed by the above method.
Lemma 3.2. If G is a (4, 3, )-graph containing cut points and M1 is an M-block of G with all inner faces being
3-faces, then M1 is isomorphic to the graph M43.
Proof. Let u1 denote one of the T-vertices of M1. Let T1 denote the T-block of G containing u1. Since G is 4-regular,
2q(T1)=4(p(T1)−1)+dT1(u1), dT1(u1)=2. So, dM1(u1)=2. LetNM1(u1)={u2, u3}. Since all the inner faces ofM1
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M43 T431 T432 T433
Fig. 4. The graphs M43, T431, T432 and T433.
G4,3,20=T431M43T431 G4,3,22=T432M43T432 G4,3,24=T433M43T432















































are 3-faces, u2 is adjacent to u3 and there exists a vertex u4 = u1, which is adjacent to both u2 and u3. Furthermore,
there exists a vertex u5, which is adjacent to both u2 and u4. There exists a vertex u6, which is adjacent to u3, u4 and
u5. And there exists a vertex u7 = u4, which is adjacent to both u5 and u6, i.e. M1 is isomorphic to M43 (see Fig. 6,
graph M1). 
Lemma 3.3. If G is a (4, 3, )-graph containing cut points and T1 is a T-block of G containing no inner even faces,
then T1 contains at least one odd -face with 5.
Proof. The proof is similar to the one in Lemma 2.2. 
Lemma 3.4. If G is a (4, 3, )-graph containing cut points and T1 is a T-block of G with all inner faces being 3-faces
except one 5-face, then T1 is isomorphic to T431 or T432.
Proof. Let u1 denote the T-vertex of T1, then dT1(u1) = 2. Let NT1(u1) = {u2, u3}. If u1 is in a 5-face, say face
u1u2u4u5u3, then, since all the remaining faces are 3-faces, there exists a vertex u6, which is adjacent to both u2 and
u4. Furthermore, there exists a vertex u7, which is adjacent to u4, u5 and u6. There exists a vertex u8, which is adjacent
to u2, u5, u6 and u7. Then u3 would be another cut point in T1, a contradiction to the deﬁnition of T-block (see Fig. 6,
graph T1.1). Hence, u1 is in a 3-face, i.e. u2 is adjacent to u3.
If u2u3 is in a 5-face, say face u2u4u5u6u3, then, since all the remaining faces are 3-faces, there exists a vertex u7,
which is adjacent to both u2 and u4. Furthermore, there exists a vertex u8, which is adjacent to u4, u5 and u7. There
exists a vertex u9, which is adjacent to u5, u6, u7 and u8. There exists a vertex u10, which is adjacent to both u3 and
u6. u10 would be another cut point in T1, a contradiction to the deﬁnition of T-block (see Fig. 6, graph T1.2). Hence,
u2u3 is in 3-faces, i.e. there is a u4 = u1, which is adjacent to both u2 and u3.
1748 Y. Yang et al. /Discrete Mathematics 306 (2006) 1742–1757
If u2u4(u3u4) is in a 5-face, say face u2u5u6u7u4, then, since all the remaining faces are 3-faces, there exists a vertex
u8, which is adjacent to u3, u4 and u7. Furthermore, there exists a vertex u9, which is adjacent to u6, u7 and u8. There
exists a vertex u10, which is adjacent to u5, u6 and u9. There exists a vertex u11 = u6, which is adjacent to both u5 and
u10. Then u11 would be another cut point in T1, a contradiction to the deﬁnition of T-block (see Fig. 6, graph T1.3).
Hence, both u2u3 and u3u4 are in 3-faces, i.e. there exists a u5, which is adjacent to both u2 and u4, and there exists a
u6, which is adjacent to both u3 and u4.
If u4 is in a 5-face, say face u4u5u7u8u6, then, since all the remaining faces are 3-faces, there exists a vertex u9,
which is adjacent to both u5 and u7. Furthermore, there exists a vertex u10, which is adjacent to u7, u8 and u9. There
exists a vertex u11, which is adjacent to u6, u8, u9 and u10, i.e. T1 is isomorphic to T431 (see Fig. 6, graph T1.4).
If u4 is in 3-faces, then u5 is adjacent to u6. If u5u6 is in 3-faces, there exists a u7 = u4, which is adjacent to both
u5 and u6, then u7 would be another cut point in T1, a contradiction to the deﬁnition of T-block. Hence, u5u6 is in a
5-face, say face u5u7u8u9u6, then, since all the remaining faces are 3-faces, there exists a vertex u10, which is adjacent
to both u7 and u8. Furthermore, there exists a vertex u11, which is adjacent to u8, u9 and u10. There exists a vertex u12,
which is adjacent to u7, u9, u10 and u11, i.e. T1 is isomorphic to T432 (see Fig. 6, graph T1.5). 
Theorem 3.1.
f (4, 3, 6k + 2) = 6k + 9 (k2),
f (4, 3, 6k + 4) = 6k + 11 (k2),
f (4, 3, 6k) = 6k + 9 (k3).
Proof. Let G be a (4, 3, )-graph, then G has a -face, say F. Let H = 〈G,V (F)〉.
Case 1. Suppose that G contains at least one even -face apart from the -face, . Then, by Euler’s formula,
2 = p − q + ,
4p = 2q2+ (− 2) × 3 = 2+ 3p,
p2.
Hence,
|V (G4,3,6k+2)|6k + 6k + 46k + 16> 6k + 9 (k2),
|V (G4,3,6k+4)|6k + 6k + 86k + 20> 6k + 11 (k2),
|V (G4,3,6k)|6k + 6k6k + 18> 6k + 9 (k3).
Case 2. Suppose that G contains no even -face apart from the -face.
Case 2.1. Suppose that G contains no cut point, then H is a cycle with possible chords. Let C = u0u1 . . . u−1
denote the cycle in H.
Case 2.1.1. Suppose that H has at least one vertex with degree 4, say u0, u0ui, u0uj ∈ E(H) (1< i < j < − 1).
Let x, y be the two vertices such that uix, ujy ∈ E(G) and x, y /∈V (C). Let G1 be the subgraph induced by vertices
u0, uj , . . . , u−1 and vertices lying in cycle u0uj . . . u−1. Since the sum of the degrees of the vertices in G1 must be
even, y had to lie in cycle u0ui . . . uj . Similarly, x had to lie in cycle u0ui . . . uj . The edges u−1u0, u0uj and ujuj+1
lie in one odd -face with 5, edges uju0, u0ui and uix lie in one odd -face with 5, and edges u1u0, u0ui and
uiui−1 lie in one odd -face with 5, i.e. G has at least three odd -faces with 5 (see Fig. 7, graph H1). Then, by
Euler’s formula,
2 = p − q + ,
4p = 2q+ (− 4) × 3 + 3 × 5 = + 3p + 9,
p+ 9.
Y. Yang et al. /Discrete Mathematics 306 (2006) 1742–1757 1749
u-1 u0 u1
uj+1 uj ui ui-1
y
H1 H2 H3 H4
x
Fig. 7. H is a cycle with possible chords.
Hence,
|V (G4,3,6k+2)|6k + 2 + 9> 6k + 9 (k2),
|V (G4,3,6k+4)|6k + 4 + 9> 6k + 11 (k2),
|V (G4,3,6k)|6k + 9 (k3).
Case 2.1.2. Suppose that H has no vertex with degree 4. Let p∗ = |V (G − H)|. Let z be the number of vertices
with degree 3 in H, then there are (− z) vertices with degree 2 in H. Let m = |E(G,V (G − H))|, then mz (see
Fig. 7, graphs H2–H4). 4p∗2(− z) + z + 2m2− z + 2z2. p∗/2. Hence,
|V (G4,3,6k+2)|6k + 2 + (6k + 2)/26k + 9 (k2),
|V (G4,3,6k+4)|6k + 4 + (6k + 4)/2> 6k + 11 (k2),
|V (G4,3,6k)|6k + 6k/26k + 9 (k3).
Case 2.2. Suppose thatG contains cut points.According to Lemma 3.3, each T-block ofG has at least one odd -face
with 5. Since G has at least two T-blocks, G has at least two odd -faces with 5. Counting edges via faces yields
2 = p − q + ,
4p = 2q+ (− 3) × 3 + 2 × 5 = + 7 + 3p,
p+ 7,
|V (G4,3,6k+2)|6k + 2 + 7 = 6k + 9,
|V (G4,3,6k+4)|6k + 4 + 7 = 6k + 11,
|V (G4,3,6k)|6k + 7.
By Lemma 3.2, there is only one M-block of G, namely M431, with all inner faces being 3-faces. By Lemma 3.4, there
are only two T-blocks ofG, namely T431 and T432, with all inner faces being 3-faces except one 5-face. (4, 3, 6k)-graphs
cannot be constructed by using only M431, T431 and T432. Hence, for = 6k we have
p+ 7 + 2 = + 9,
|V (G4,3,6k)|6k + 9.
From Cases 1 and 2, we have
f (4, 3, 6k + 2)6k + 9 (k2),
f (4, 3, 6k + 4)6k + 11 (k2),
f (4, 3, 6k)6k + 9 (k3).
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GM531 GM532 GT531 GT532 GT533
Fig. 8. The graphs GM53, GT 531, GT 532 and GT 533.
By Lemma 3.1,
f (4, 3, 6k + 2) = 6k + 9 (k2),
f (4, 3, 6k + 4) = 6k + 11 (k2),
f (4, 3, 6k) = 6k + 9 (k3). 
4. The value of f (5, 3, )
Lemma 4.1.
f (5, 3, 6k + 2)12k + 18 (k2),
f (5, 3, 6k + 4)12k + 22 (k2),
f (5, 3, 6k)12k + 18 (k3).
Proof. Denote the graphs shown in Fig. 8 by GM531, GM532, GT 531, GT 532, GT 533. Using these ﬁve basic graphs,
we can construct (5, 3, )-graphs as follows:
G5,3,6k+2 = GT 531GM531(GM532GM531)k−2GT 531 (k2),
G5,3,6k+4 = GT 532GM531(GM532GM531)k−2GT 532 (k2),
G5,3,6k = GT 532GM531(GM532GM531)k−3GT 533 (k3).
Therefore we have
f (5, 3, 6k + 2) |V (G5,3,6k+2)| = 12k + 18 (k2),
f (5, 3, 6k + 4) |V (G5,3,6k+4)| = 12k + 22 (k2),
f (5, 3, 6k) |V (G5,3,6k)| = 12k + 18 (k3). 
In Fig. 9, we show graphs G5,3,20, G5,3,22 and G5,3,24 constructed by the above method.
Lemma 4.2. If G is a (5, 3, )-graph containing cut points and M1 is an M-block of G with all inner faces being
3-faces, then M1 is isomorphic to M531 or M532.
Proof. The proof is similar to the one in Lemma 3.2 (see Fig. 10). 
Lemma 4.3. If G is a (5, 3, )-graph containing cut points and T1 is a T-block of G containing no inner even faces,
then T1 contains at least one odd -face with 5.
Proof. The proof is similar to the one in Lemma 2.2. 





M531 M532 T531 T532
Fig. 10.
Lemma 4.4. If G is a (5, 3, )-graph containing cut points and T1 is a T-block of G with all inner faces being 3-faces
except one 5-face, then T1 is isomorphic to T531 or T532.
Proof. Let u1 denote the T-vertex of T1, then dT1(u1) = 2, 3, 4.
Suppose that dT1(u1) = 2. Let NT1(u1) = {u2, u3}. If u1 is in a 5-face, say face u1u2u4u5u3, then, since all the
remaining faces are 3-faces, there exists a vertex u6, which is adjacent to both u2 and u4. Adding vertices and relating
edges in this way, we will come to a graph T2−1 as shown in Fig. 11, then u3 would be another cut point in T1, a
contradiction to the deﬁnition of T-block. Hence, u1 is in a 3-face, i.e. u2 is adjacent to u3.
If u2u3 is in a 5-face, say face u2u4u5u6u3, then, since all the remaining faces are 3-faces, there exists a vertex u7,
which is adjacent to bothu2 andu4.Adding vertices and relating edges in thisway,wewill come to a graphT2−2 as shown
in Fig. 11. Let T2−2−1 = 〈T2−2, {ui : 1 i16}〉, T2−2−2 = 〈T2−2, {ui : 17 i28}〉, then T2−2 = T2−2−1(T2−2−1)k
(k → ∞) would be a graph with inﬁnite vertices, a contradiction to the assumption that G is a simple ﬁnite graph.
Hence, u2u3 is in 3-faces, i.e. there exists a vertex u4 = u1, which is adjacent to both u2 and u3.
Similarly, by graph T2−3 − T2−11 as shown in Fig. 11, we have that the only possible case where T1 is a T-block of
G with all inner faces being 3-faces except one 5-face is that u9u10, u9u11 lie in a 5-face (see Fig. 11 graph T2−8), and
T1 is isomorphic to T531.
By a similar discussion we have that for dT1(u1) = 3, the only possible case is that T1 is isomorphic to T532, and for
dT1(u1) = 4, there is no T-block of G with all inner faces being 3-faces except one 5-face. 
Lemma 4.5. If G is a (5, 3, )-graph containing no cut point and at least one cut pair and GM1 is a GM-block with
all the inner faces being 3-faces, then GM1 is isomorphic to the graph GM53.
Proof. The proof is similar to the one in Lemma 3.2. 
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Fig. 11.
Lemma 4.6. If G is a (5, 3, )-graph containing no cut point and at least one cut pair, and GT 1 is a GT-block with
all inner faces are 3-face except one 5-face, then GT 1 is isomorphic to the graphs GT 531 or GT 532.
Proof. The proof is similar to the one in Lemma 4.4. 
Let G be a (5, 3, )-graph, then G has a -face, say F = u0u1 . . . u−1. Let H = 〈G,V (F)〉. If ui, uj (i < j) are
two vertices of H, path Pui,uj =uiw1w2 . . . wtuj , wk /∈H(1k t), then we call path Pui,uj an inner path of G. Let
D(G) be the shortest length of all inner paths of G.
Lemma 4.7. If G is a (5, 3, )-graph containing no cut point, no cut pair and D(G) = 2, then |V (G)|2+ 18.
Proof. Suppose that D(G)= 2 and let Pui,uj = uiw1uj be an inner path of G. Let Gr be the subgraph induced by the
vertices on cycle Cr = uiui+1 . . . ujw1 and the vertices inside Cr . Let Dr(ui, w1, uj ) = (dGr (ui), dGr (w1), dGr (uj ))
be the degree sequence of Pui,uj in Gr , then Dr(ui, w1, uj ) ∈ {(t1, t2, t3) : t1 = 2, 3, 4; t2 = 2, 3, 4, 5; t3 = 2, 3, 4}.
Let Gl be the subgraph induced by the vertices on cycle Cl = uiu(i−1)mod  . . . ujw1 and the vertices inside Cl . Let
Dl(ui, w1, uj )= (dGl (ui), dGl (w1), dGl (uj )) be the degree sequence of Pui,uj inGl , thenDl(ui, w1, uj )= (6, 7, 6)−
Dr(ui, w1, uj ).
If Ds(ui, w1, uj ) = (2,2,2), then by an argument similar to the one in the proof of Lemma 4.4, we can get that there
exists at least one odd -face with 9, or one 7-face and one odd -face with 5 or three odd -faces with 5
in Gr . Hence there exists at least one odd -face with 9, or one odd -face with 7 and one 5-face, or three odd
-faces with 5 in G.
IfDr(ui, w1, uj )= (2, 2, 3), then by an argument similar to the one in the proof of Lemma 4.4, we can get that there
exists at least one odd -face with 7, or two odd -faces with 5 in Gr . And there exists at least one odd -face
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with 5 in Gl . Hence there are at least one odd -face with 9, or one odd -face with 7 and one 5-face, or
three odd -faces with 5 in G.
Similarly, for the left cases of Ds(ui, w1, uj ), we can also get that there exists at least one odd -face with 9, or
one odd -face with 7 and one 5-face, or three odd -faces with 5 in G.
Counting the edges via faces yields
5p = 2q, p − q + = 2, = 3p/2 + 2,
5p = 2q+ (− 1) × 3 + 2 × 3 = + 9p/2 + 9,
p/2+ 9, p2+ 18.
Therefore we have
|V (G)|2+ 18. 
Lemma 4.8. If G is a (5, 3, )-graph containing no cut point, no cut pair and D(G)3, then
|V (G(5, 3, 6k + 2))|12k + 18 (k2),
|V (G(5, 3, 6k + 4))|12k + 24 (k2),
|V (G(5, 3, 6k))|12k + 18 (k3).
Proof. Let p∗1 = |V (G − H)|. Since D(G)3, we have p∗12 (see Fig. 12). Therefore |V (G)|3. Hence,
|V (G(5, 3, 6k + 2))|18k + 612k + 18 (k2),
|V (G(5, 3, 6k + 4))|18k + 1212k + 24 (k2),
|V (G(5, 3, 6k))|18k12k + 18 (k3). 
Theorem 4.1.
f (5, 3, 6k + 2) = 12k + 18 (k > 1),
f (5, 3, 6k + 4) = 12k + 22 (k > 1),
f (5, 3, 6k) = 12k + 18 (k > 2).
Proof.
Case 1. Suppose that G contains at least one even -face apart from the -face, . Then, by Euler’s equation,
5p = 2q, p − q + = 2, = 3p/2 + 2,
5p = 2q2+ (− 2) × 3 = 2+ 9p/2,
p4.
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Hence,
|V (G5,3,6k+2)|4 × (6k + 2)24k + 8> 12k + 18 (k2),
|V (G5,3,6k+4)|4 × (6k + 4)24k + 16> 12k + 22 (k2),
|V (G5,3,6k)|4 × 6k24k > 12k + 18 (k3).
Case 2. Suppose that G contains no even -face apart from the -face.
Case 2.1. Suppose that G has at least one cut point, then G has at least two T-blocks. According to Lemmas 4.2
and 4.4, the only possible graph whose all inner faces are 3-faces except at most two 5-faces is that G is isomor-
phic to one of T531(M531)kT532(k0), whose all faces are 3-faces except one (6k + 15)-face and two 5-faces.
Since 6k + 15 is odd, this contradiction to that G is a (5,3,)-graph. Hence, G has at least one odd -face with
9, or one 7-face and a -face with 5, or three odd -faces with 5. Counting the edges via faces
yields
5p = 2q, p − q + = 2, = 3p/2 + 2,
5p = 2q+ (− 1) × 3 + 2 × 3 = + 9p/2 + 9,
p/2+ 9, p2+ 18.
Case 2.2. Suppose that G contains no cut point.
Case 2.2.1. Suppose that G has at least one cut pair, then G has at least two GT-blocks. According to Lemma 4.5,
each GT-block of G has at least one odd -face with 5. Since G has at least two GT-blocks, G has at least two odd
-faces with 5. Counting edges via faces yields
5p = 2q, p − q + = 2, = 3p/2 + 2,
5p = 2q+ (− 1) × 3 + 2 × 2 = + 9p/2 + 7,
p/2+ 7, p2+ 14,
|V (G(5, 3, 6k + 2))|12k + 18 (k2),
|V (G(5, 3, 6k + 4))|12k + 22 (k2),
|V (G(5, 3, 6k))|12k + 14 (k3).
By Lemma 4.5, there is only one GM-block of G, namely GM53, with all inner faces being 3-faces. By Lemma 4.6,
there are only two GT-blocks of G, namely GT 531 and GT 532, with all inner faces being 3-faces except one 5-
face. (5, 3, 6k)-graphs cannot be constructed by using only GM53, GT 531 and GT 532. Hence, for  = 6k
we have
5p = 2q, p − q + = 2, = 3p/2 + 2,
5p = 2q+ (− 1) × 3 + 2 × 3 = + 9p/2 + 9,
p/2+ 9, p2+ 18,
|V (G(5, 3, 6k))|12k + 18 (k3).
Case 2.2.2. Suppose that G contains no cut pair, then D(G)2. According to Lemmas 4.7 and 4.8, we have
|V (G(5, 3, 6k + 2))|12k + 18 (k2),
|V (G(5, 3, 6k + 4))|12k + 24 (k2),
|V (G(5, 3, 6k))|12k + 18 (k3).
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GM35 GT351 GT352
GT353 GT354 GT355
Fig. 13. The graphs GM35, GT 351, GT 352, GT 353, GT 354 and GT 355.
From Cases 1 and 2, we have
f (5, 3, 6k + 2)12k + 18 (k2),
f (5, 3, 6k + 4)12k + 22 (k2),
f (5, 3, 6k)12k + 18 (k3).
By Lemma 4.1, we have
f (5, 3, 6k + 2) = 12k + 18 (k2),
f (5, 3, 6k + 4) = 12k + 22 (k2),
f (5, 3, 6k) = 12k + 18 (k3). 
5. The value of f (3, 5, )
Lemma 5.1.
f (3, 5, 10k + 2)20k + 22 (k1),
f (3, 5, 10k + 4)20k + 30 (k1),
f (3, 5, 10k + 6)20k + 34 (k3),
f (3, 5, 10k + 8)20k + 34 (k1),
f (3, 5, 10k)20k + 22 (k2).
Proof. Denote the graphs shown in Fig. 13 by GM35, GT 351, GT 352, GT 353, GT 354, GT 355. Using these six basic
graphs, we can construct (3, 5, )-graphs as follows:
G3,5,10k+2 = GT 351(GM35)k−1GT 351 (k1),
G3,5,10k+4 = GT 353(GM35)k−1GT 351 (k1),
G3,5,10k+6 = GT 355(GM35)k−3GT 352 (k3),
G3,5,10k+8 = GT 352(GM35)k−1GT 352 (k1),
G3,5,10k = GT 352(GM35)k−2GT 354 (k2).






f (3, 5, 10k + 2) |V (G3,5,10k+2)| = 20k + 22 (k1),
f (3, 5, 10k + 4) |V (G3,5,10k+4)| = 20k + 30 (k1),
f (3, 5, 10k + 6) |V (G3,5,10k+6)| = 20k + 34 (k3),
f (3, 5, 10k + 8) |V (G3,5,10k+8)| = 20k + 34 (k1),
f (3, 5, 10k) |V (G3,5,10k)| = 20k + 22 (k2). 
In Fig. 14, we show graphs G3,5,22, G3,5,24, G3,5,46, G3,5,28 and G3,5,30 constructed by the above method.
Theorem 5.1.
f (3, 5, 10k + 2) = 20k + 22 (k1),
f (3, 5, 10k + 4) = 20k + 30 (k1),
f (3, 5, 10k + 6) = 20k + 34 (k3),
f (3, 5, 10k + 8) = 20k + 34 (k1),
f (3, 5, 10k) = 20k + 22 (k2).
Proof. The proof is similar to the one in Theorem 4.1. 
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